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This paper proposes] and CTOD estimation schemes applied to fracture toughness testing,

covering typical homogeneous and hi-material specimens. Recommendations are based on the

plastic limit analysis (either slip line field or finite element limit analyses), assuming the rigid

plastic material behavior. The main outcome of the present study is that the ] and CTOD

estimation schemes (both codified and non-codified), recommended for homogeneous spec

imens, can be equally used for bi-rnaterial specimens with interface cracks. The effect of yield

strength mismatch in bi-rnaterial specimens on the the]-integral and CTOD is discussed.
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1. Introduction

Application of the fracture mechanics to as

sessments of structural integrity requires the

evaluation of both "applied" and "resistances"

side. For the applied side, crack driving force

parameters such as the stress intensity factor, K,
the ] -integral, and the crack-tip opening dis

placement (CTOD), 0, should be estimated in

terms of a load, for a given defective structure. On

the other hand, the resistance to cracking of a

material (fracture toughness) should be found,

which then can be compared with the applied side

to assess the significance of the flaw in the struc

ture.
To evaluate the toughness ofa material, specific

toughness testing procedures should be followed

according to the standardized methods. Up to

date, all of fracture toughness testing standards

(ASTM Standards; British Standards, BS 5447;
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ISO/CD 12135), are applicable to the

homogeneous specimens. In practice, however,

measuring the toughness properties of bimaterial

specimens with interface cracks is of concern, like

the heat affected zone toughness of bi-metallic

joints or of weldments. At the present, any

codified testing procedure for such

nonhomogeneous specimens is not available ex

cept several standards in a draft form (ASTM

E1290; British Standards, BS 7448; ISO/CD

15653). Hence, the present paper proposes some

recommendations on] and CTOD estimations for

a general fracture toughness testing of

homogeneous specimens and bi-rnaterial joints

with interfacial cracks.

2. Background of J and
CTOD Estimation

2.1 Codified exercise
It is a typical practice in toughness testing to

estimate the]-integral as

r-i.sr-
(l-/})J(l + VLL A p

VLL
(1)

E T}p ·B(W-a)
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Fig. 1 Schematic drawings for the plastic area of (a)
load-load line displacement and (b) load
CMOD curves
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qCJIOD "'2[a+rp(W -a)]o
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where B, W, a denote the thickness, width and

crack depth of specimen, respectively. Je, the

elastic part of J, is evaluated from the stress

intensity factor (K), Young's modulus (E), and

Poisson's ratio (II). The plastic part Jp is

evaluated from the plastic TJ factor (TJ;U), and the

plastic portion of the load-Ioad line displacement

curve (A;U) of Fig. lea). Here the force in Fig. 1

means the load-line force of the specimen and

VLL the load-line displacement. The factor

(TJp-L) depends strongly on the specimen type and

the crack depth, but its dependence on the mate

rial (strain hardening) is minimal (Kim and

Schwalbe, 2001a). For instance, for deeply crack

ed single-edge-notched bend [SE(B)] specimens

with the crack depth of a/W=0.45-0.75[see
Fig. 2(a)], TJP-L=2 is recommended in the current

standards (ASTM standards; BS 5447; ISO/CD

12135).

According to the load-separation principles

(Sharobeam and Landes, 1991; Sharobeam and

Landes, 1993), the dependence of TJ%LL on the

specimen type and the crack depth can be found

in limit load solutions:

(2)

where PL denotes the plastic limit load, and a

function of a/ W. Therefore, once the limit load

of the particular specimen of interest is found,

then TJ%LL can be evaluated according to Eq. (2).

SI W
a-CMOD

14
S2

.,
(c)

Fig. 2 Schematic drawings for (a) single edge crack
ed specimen in three-point bend [SE(B)], (b)
relationship between the load line displace
ment and the CMOD, and (c) in four-point
bend [SE(PB)]

The codified standards also provide the CTOD

estimation scheme from the plastic component of

the crack mouth opening displacement (CMOD),

Omp, simply using the rotation factor, rp :

O=Oe+Op

(l-1I2) j{2 + rp(W-a)"Omp (3)
2E(Jy rp(W-a)+a+z

where (Jy is the yield strength and z the height of

knife edge attached to the specimen. For deeply

cracked SE(B) specimens, the standards recom

mend either rp=O.4 (BS 5447) or 0.44 (ASTM

Standards). Notice that the different standards

above provide the different values of rp; these two

values may lead to about 8% difference in O.
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However, it must be noted that the rp value

depends strongly on the strain hardening of ma

terial. Thus such difference is regarded as insig

nificant in practical fracture toughness testing.

strengths, (Jt=( (Jy+ (Ju)/2, and m is the constraint

factor, relating OP and I«
(9)

(4)

2.2 Non-codified exercise
Recently, it has been argued that the use of the

plastic portion of the load-crack mouth opening

displacement, AgMOD [see Fig. I(b)], could lead

to a better estimation of the]-integral (Kirk and

Dodds, 1993; Kirk and Wang, 1995; Wang and

Gordon, 1992) as in Eq. (4).

r-i,«).
(l- )/2)J<! + CMOD AgMOD

E TJp· B(W-a)

Assuming that the material follows rigid plastic

behavior, it is easily shown that TJgMOD is related to

TJ? by the rotation factor rp and other related

specimen dimensions, and thus explicit

relationships between TJgMOD and TJf'L depend on

the specimen geometry and loading types. For

instance, consider SE(B) specimens, as depicted in

Fig. 2(a). A rigid body rotation deformation

[Fig. 2(b)] provides the relationship between the
load line displacement, qVLL, and the CMOD,
qCMOD;

2.3 Present analysis
The present work proposes formulae for] and

CTOD estimations, such as TJf'L, TJ?OD and m

factors for toughness testing specimens. Those

formulae have been developed from the plastic

limit analysis such as the slip line field (SLF) or

detailed finite element (FE) limit analyses, based

on rigid-perfectly plastic material behavior.

Firstly, for a given specimen geometry, the limit

load solutions were obtained from SLF and FE

limit analyses, and then TJ'tLL can be found by Eq.

(2). Moreover, such limit analyses also calculate

the plastic rotation factor, rp, and thus TJ?OD, is

estimated by Eq. (7) for SE(B) specimens. The

rigid-plastic model can also provide an explicit

relationship between Z,and op, which gives the m
factor by using Eq. (9). Thus in principle, if the

solutions for PL and rp are given, then the

solutions for TJ?, TJgMOD and m can be found. In

the following, these solutions are given for typical

homogeneous fracture toughness testing spec

imens.

Combining Eqs. (5) and (6) gives a relationship

between TJgMOD and TJ? for SE(B) specimens as

Consequently, it has been proposed that the

CTOD, 0, can be estimated directly from the

plastic component ]p of the estimated]-integral

[see Eq. (4)]

Before presenting results of various mismatched

specimens, it is instructive to compare the present

results with those in literature and to validate the

approach taken in the present work. Consider a

three point bend specimen [SE(B)], Fig. 2(a), of

which the] and CTOD estimation schemes are

widely available. For this specimen, the SLF

solutions on PL and r» have been given by Wu et
at. (l988) and Wu et at. (l990). Figure 3
compares the values of TJf'L[Eq. (2)], TJtMOD[Eq.

(7)] and m [Eq. (9)], determined from the

present analysis, with those available in literature

(see the legend in the figure). It shows that the

present analysis provides a quite good approxi

mation for a/ W>0.2. Note that for SE(B) speci

mens the value of a/ W =0.2 is characterized as

the boundary between the deep and shallow

3. Results for Homogeneous
Specimens

(5)

(7)

(8)

qCMOD=[ ~+rp( 1- ~ ) JqVLL

For a rigid-plastic, non-hardening material, the J
integral can be expressed as

_ VLL PL q VLL R qCMOD
]-TJp B(W-a) TJt

MOD
B(W-a) (6)

{l- )/2)J<! s..I»:
2E(Jy rna,

where a, denotes the flow strength, typically

defined as the average of the yield and the tensile
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(a)

may not be sufficiently large (Joyce and Link,

1994; Kirk and Dodds, 1993; Kirk and Wang,

1995; Wang and Gordon, 1992; Wu et al., 1990).

Thus, the results in Fig. 3 suggest that the results

for TJJLL be in general reliable for all a/ W. The

results of TJiMOD are acceptable at least for deep

cracks, 0.2 < a/ W < 0.7. On the other hand, those

for m are good only for 0.2 < a/ W < 0.5.

For 0.5 < a/ W < 0.7, the proposed values of m
differ from the existing solution by up to 10%.

Typically it is known that the value of rn depends

not only on the strain hardening but also on the

load magnitude, and thus caution should be given

to estimate the m value from the FEA results. We

believe that such difference results from the fact

that Kirk and Wang (1995) extracted their values

of m for 0.5 < a/ W< 0.7 at too high loads, as

pointed out recently by Kim and Schwalbe

(200la), who found that the solutions by Kirk

and Wang are not so accurate for 0.5 < a/ W < 0.7,

particularly for m. Considering sensitivity of m
in typical testing, even 10% difference should be

regarded as "not significant". Therefore, it is

concluded that the proposed solutions are reliable

at least for deep cracks. Moreover, noting that in

the current testing standards (ASTM Standards;

British Standards, BS 5447; ISO/CD 12135), the

permissible range for the crack length is 0.45 < a/
W < 0.7 for ensuring sufficiently high crack tip

constraint, this paper concentrates on the

solutions for various specimens with 0.45 < a/
W <0.7. As noted, the present results for these

range of the crack lengths should be reliable in

practical toughness testing.

Figure 2(c) depicts a single edge cracked spec

imen in pure (four point) bend, SE(PB).

Although it is not recommended in the testing

standards, such geometry may have certain

advantages for bi-rnaterial specimens, as

discussed in the next section. Figure 4(a)

compares the present FEA limit load solutions of

the SE(PB) specimens with the regression curve to

the results from the slip line field analysis,

proposed by Wu et at. (1990):

H '(51-52)/2

«(h//3)( W - a)2

1.0

(1992)

0.8
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Fig. 3 Results for the homogeneous SE(B) spec
imens: (a) 7JpYLL factor, (b) 7J?OD factor, and
(c) m factor

2.5

cracks (Wu et al., 1990). For shallow cracks, a/
W <0.2, the present analysis does not provide the

results consistent with those in literature. The

reason is as follows. The assumption of a rigid

plastic material, being a basis of the SLF analysis,

is appropriate only when the plastic strain

dominates the elastic strain. For the deeper

cracks, a small deformation would be sufficient

for dominant plastic strain, but for the shallower

cracks, much larger deformation is necesary due

to the plasticity spreading to the back surface.

Note that all FE results shown in Fig. 3 were

obtained at a certain level of deformation which

0.0

0.5

2.0
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~l' +L62( ;;, )-24'( ;;, )' 0< ;;'a<03

1.262 0.3:::;:'-W< 1.0

C10)

(II)

In this section, the analysis is extended to bi

-rnaterial specimens with interface cracks. The

geometries of which are shown in Fig. 5: SE(PB),

compact tension (C(T», and middle cracked ten

sion (M(T» specimens. The SE(B) specimen is

not discussed here. Due to the strength mismatch,

asymmetric deformation pattern is expected for bi

material specimens because the lower strength

material deforms larger than the higher strength

one. The asymmetric deformation can give a

problematic situation for the SE(B) specimen in

that the roller may not remain in the cracked

plane, and thus promote the mixed mode

conditions. Thus, for testing bi-material spec

imens with interface cracks, other geometries such

as the SE(PB) or Ct T) specimens may be more

appropriate. The M(T) specimen is also useful to

investigate the constraint effect on fracture

toughness, which is a low constraint geometry.

Bi-rnaterial specimens are characterized as

mismatch in material properties of two

constituents. The elastic property mismatch does

The resulting m-factor is shown in Fig. 4(d). For

deeply cracked bend specimens, it is known that

m=2 (Rice et al., 1973), which can be clearly

seen in Fig. 4(d).

4. Results for Interfacially Cracked
Bi-materfal Specimens

which shows excellent agreements. They are also

compared with the solutions for the SE(B) spec

imens. The resulting values for 7J;LL, calculated

from Eq. (2), are shown in Fig. 4(b). Noting that

the limit loads do not depend on a/ W for the

deep crack range (0.45sa/WsO.7), 7JJLL=2

which has been already shown by Rice et al,
(1973). The values of Yp for SE(PB) specimens

have also been obtained based on the detailed FE

limit analyses by Lee and Parks (1993). The
values of 7J&MOD, obtained using these Yp values,

are shown in Fig. 4(c). For 0.45sa/WsO.7, the

results of SE(PB) can be approximated by the

following linear equation:

7J&MOD'4 W ()
(51-52) 4.31-2.75 ~

1.00.8

o

e

o

(c)
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Fig. 4 Results for the homogeneous SE(PB) spec
imens and SE(B) specimens; (a) limit load
PL, (b) 7J? factor, (c) TjjMOD factor, and Cd) m
factor
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where (JYH and (JYL denote the yield strength

associated with higher and lower yield strength

materials of a bi-rnaterial specimen, respectively.

Note that M = I means homogeneous specimens,

and M=00 is as to elastic material bonded to

elastic plastic material. A simple limit analysis

can easily show that the limit loads for interme

diate values of M must be bounded between those

for M=I and for M>:». The authors have also

checked it using detailed FE limit analyses. It

should be also noted that the plastic limit analysis

for the bi-material specimens show that the plas

tic limit load is controlled by the lower strength

material, and thus the limit load solutions in the

subsequent figures are normalized with respect to

the yield strength of the lower strength material,

(JYL.

Figure 6(a) compares the limit load solutions

of the SE(PB) specimens for two extreme M
values, M = 1 and M = 00, together with the

results from detailed FE analyses for M =00. As
mentioned above, results in Fig. 7(a) are nor

malized with respect to the yield strength of the

lower strength material, (JYL. Based on these FE

results, the following approximation for the limit

load, H, may be proposed for 0.45:::;: a/ W:::;:0.7:

PL"(Sl-SN2
«(JYL/ j3)( W -a)2

~1'+l.731( ~ )-2.164( ~)' 0< ~<0.4
1.34 0.4:::;: {t. < 1.0

(13)

Note that the limit load for M =00 does not

depend on a/Wfor 0.45:::;:a/W:::;:0 .7, as for the

homogeneous (M = I) specimens. The limit load

for M=oo is at most 6% higher than that for

corresponding homogeneous specimens for deep

cracks. For the intermediate values of M, it has

been shown that the limit loads for 0.45:::;: a/ W:::;:
0.7 do not depend on a/ W(Kim and Schwalbe,

200Ib), based on detailed FE limit analyses. This

means that 7J%LL=2 can be used for SEepS)

(c)

Fig. 5 Schematic drawing for bi-rnaterial specimens
with interface cracks: (a) four-point bend
[SE(PB)], (b) compact tension [CCT)], and
(c) middle cracked tension [M(T)] specimens

affect the J and CTOD values only in contained

yielding, and does not affect those in wide spread

plasticity. Such elastic mismatch can be

incorporated in elastic quantities U» and Oe) of J
and CTOD. Thus, of main concern is the plastic

mismatch, particularly the mismatch in yield

strengths, "strength mismatch". The strength

mismatch can be quantified in terms of the factor,

M, defined by

M= ~:(>I) (12)
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material specimen with M = 00 were found by

Kim (1994) using detailed FE limit analyses.

Based on these FE results of r», the values of

7J?OD for M =00 can be calculated, which are

shown in Fig. 6(c), which can be approximated

linearly for 0.4S::;;a/W::;;O.7 as

1.4
'"
~

~ 1.3'-';;:
bg 1.2

,-.
t1j'"

I

:i 1.1
Q.,....

1.0

.-0
/ ---;--- _.

/ /"-1

c1/
0 FEA

-- IM=CXl
--- IM= 1

7JgMOD'4 W
(51-52) 3.86-2.14( {tr ) (14)

bi-rnaterial specimens with 0.4S::;;a/W::;;O.7, re

gardless of M values, as shown in Fig. 6(b). The

plastic rotation factor solutions for the SE(PB) bi-

The suggested approximation, Eq. (14), gives

values less than 6% of those for homogeneous SE

(PB) specimens, M = 1. In principle, for the inter

mediate values of M, similar procedures can be

taken, as the plastic limit load and rp solutions

are available. Without detailed analysis, it can be

easily shown that the resulting values of 7JgMOD for

the intermediate values of M will be within 6% of

those for homogeneous SE(PB) specimens, M = 1.

Such error is insignificant when considering many

other factors involved in fracture toughness

testing and thus the homogeneous testing proce

dure can be used to testing every bi-material

specimen with an interface crack. The m-factor

for M = 00 can be calculated from Eq. (9) using

the FEA results of Jp and r» and the slip line

field analysis and the resulting values are shown

in Fig. 6(d). For 0.4S::;;a/W::;;O.7, m=1.8 for

M =00 which is about 10% lower than that for

homogeneous SE(PB) specimens (M = 1). Again

the 10% difference in m (and thus the CTOD

determination) should be regarded as insignif

icant in CTOD testing, and thus the present

homogeneous testing procedure may be used for

the bi-material specimens with interface cracks.

Figure 7(a) compares the limit load solutions

of the Cf'T) specimens for three different values of

M: M=I, M=1.5, and M=2. Again, the results

in Fig. 7(a) are normalized with respect to the

yield strength of the lower strength material, (In.

The coincidence of the results of three different M
values suggests that the plastic limit load

solutions do not depend on the yield strength of

the higher strength material, and the limit load for

bi-rnaterial is the same as that for homogeneous

C(T) specimen made of the lower strength mate

rial. For 0.4S:::::a/W::;;O.7, the following re

gression equation can be used for all M values:

1.00.80.2

y
;/

JVl CXl
--- M=l

/1" ........ .....

~
V ~

~.::::::...,
r-

r-

-- IM=CXl
~=l

,--

//
!j

I,
1/

-- M=CXl
--- ~=l

0.0
0.0

0.5

1.5

2.0

(e)

0.0

0.5
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4.0
(b)

2.5

0.0

~ 3.0
I

:i
§: 2.0
-e

Qs
'-' ... 1.0

;::-

.... 1.5
:;: ...
~ 1.0

:: 1.0

0.4 0.6
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(d)

Fig. 6 Results for the 4PTB specimens: (a) limit load
PL, (b) 7J? factor, (c) 7J?OD factor, and (d) m
factor



The resulting 7J? value for all M values are

(17)

(18)

Figure 7(b) also includes the current recom

mendations in the standards:

r p(M=oo)=0.553-0.125( &r) (19)

rp(M = I)= 0.60 - 0.36( ~ )+0.13( &rr (20)

shown in Fig. 7(b), which is linear with a/ W
between 0.45:::;;a/W::;:0.7:

7JbLL = 2.78- 0.81( ~ ) (16)

Note that in practice for the C(T) specimen the

load line displacement is measured from the clip

gauge attached to the stepped notch, and thus is

close to CMOD. Therefore, for the C(T) spec
imen, the value of 7JfL is same as that of 7J;MOD:

7Jf L=7J;MOD=2.78-0.81( ~ )

7JfL=2.0+0.522( 1- &r )
which is slightly (about 5%) lower than and thus

is close to the present result. Figure 7(c) shows

the results of rotation factor, r» for two extreme

values of M: M=l and M=oo, which can be

approximated for 0.45s a/ W ::;: 0.7 as

These two approximations are also compared

with the current ASTM recommendation in Fig. 7

(c). All the values shown in Fig. 7(c) are only

within 8%. As said, the value of rp strongly

depends on the strain hardening and thus such

difference is insignificant in practice. Figure 7(d)

shows that the m values for the two extreme

values of M=I and M=oo differ from about 6%,

which again can be regarded as close values from

a toughness testing view point. The following

approximations can be used for 0.45::;:a/ W :::;;0.7:

m(M=oo)=2.0+0.05( &r )-0.77( &rr (21)

m(M= 1)=1.71+1.l3(a/ W)-1.36(a/ W)2 (22)

Figure 8 shows the effect of the strength

mismatch, M on the limit load, H for the M(T)

specimens. Increasing M increases the limit load

up to 30%. However, for a given M value, PL does

not change with a/ W. Moreover, the rotation

factor is not affected by M. Therefore, for the M

(T) specimens, the scheme for the homogeneous

1.0

Yun-Jae Kim and Hyungyil Lee

0.8
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(b)

0.2
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Fig. 7 Results for the CT specimens: (a) limit load
H, (b) 7Jj;LL and 7JffMOD factor, (c) rotation

factor r». and (d) m factor
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specimens can be used regardless of the strength

mismatch:

material specimens with interface cracks. It has

been shown that the error induced by neglecting

the mismatch effect is less than 10% for all cases

considered. Such error is insignificant,

considering many other factors involved in

fracture toughness testing. This conclusion that

the homogeneous testing procedures can be used

to bi-material specimens with interface cracks

provides significant advantages in estimating

fracture toughness values for the heat affected

zone of typical weldments or for the interface of

bi-material specimens.

(3) While this paper gives tractable

approximations to J and CTOD estimation equa

tion only for deep cracks (for 0.45~a/W~O.7),

the results for shallow cracks in this paper may be

still useful to investigate the constraint effect on

toughness. Note that for strength mismatched bi

material specimens, the constraint effect results

from two different sources: (i) geometry-induced,

and (ii) mismatch induced. Such sources of con

straint have been well described by authors else

where (Kim and Lee, 1996; Lee et al., 1999; Lee

and Kim, 1998). Thus the results presented in this

paper, together with those authors' works, can

provide sufficient backgrounds to investigate the

effects of the geometry and the strength mismatch

on fracture toughness for bi-rnaterial joints.

Although the strength mismatch does not affect

the J and CTOD estimation schemes for bi-rnate

rial specimens, it contributes different deforma

tion capacities in two constituents. For instance,

it is well known that the plastic deformation is

more likely to concentrate on the lower strength

material, when the crack locates between two

materials having different strengths. Such concen

tration effect is clearly illustrated in Fig. 9 which

shows the effect of the strength mismatch, M on J
and CTOD portions of the lower strength materi

al, !L and OL. For bending geometries such as

SENB specimens, a slight mismatch may be suffi

cient for the lower strength material to carryall

deformations. It shows that when M> 1.2, the

measured J or CTOD values result entirely from

the lower strength material. On the other hand,

for tension loading, such effect is rather gradual;

(23)
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5. Concluding Remarks
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Fig. 8 Results for limit load PL for the homogeneous
and bimaterial M(T) specimens

In the previous two sections, J and CTOD

estimation schemes for various fracture toughness

testing geometries have been proposed by the

simple slip line field considerations, for both

homogeneous and strength-mismatched bi-rnate

rial specimens. The following conclusions can be

drawn from the present work.

(I) For toughness testing of homogeneous

specimens, J and CTOD estimation schemes for

non-standard testing specimens (such as the sin

gle-edge-cracked specimen in four-point bend,

SE(PB), and middle crack tension specimen, M

(T)) can be estimated based on the slip line field

and FE limit analyses, as aforementioned.

(2) The J and CTOD estimation schemes for

testing homogeneous specimens can be used for bi-
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